ABSTRACT. The p-class tower F ∞ p (k) of a number field k is its maximal unramified pro-p extension. It is considered to be known when the p-tower group, that is the Galois group G := Gal F ∞ p (k)|k , can be identified by an explicit presentation. The main intention of this article is to characterize assigned finite 3-groups uniquely by abelian quotient invariants of subgroups of finite index, and to provide evidence of actual realizations of these groups by 3-tower groups G of real quadratic fields K = Q( √ d) with 3-capitulation type (0122) or (2034).
Introduction
Given a prime p, the Hilbert p-class field tower F ∞ p (k) is the maximal unramified pro-p extension of an algebraic number field k. It is considered to be known if a presentation of its Galois group is given (and not merely its length p (k)). The key for determining the Galois group
which is briefly called the p-class tower group of k, is the structure of p-class groups Cl p (L) of unramified (abelian or non-abelian) p-extensions L|k, collected in IPADs (index-p abelianization data) [21] . Our main goal is to present new criteria for the occurrence of assigned 3-class tower groups G in terms of their IPADs and proofs of their actual realization by suitable base fields k.
Complex quadratic fields k = Q( √ d) with negative fundamental discriminant d < 0 were the first objects whose p-class tower has been studied for an odd prime p by A. S c h o l z and O. T a u s s k y in 1934 [27] . These authors used group theory to classify the 3-capitulation type κ 1 (k) = ker(j i ) 1≤i≤4 of complex quadratic fields k with 3-class group Cl 3 (k) (3, 3) and four class extension homomorphisms j i : Cl 3 (k) → Cl 3 (L i ) to the unramified cyclic cubic superfields L i , 1 ≤ i ≤ 4, into 13 possible cases, denoting sections of similar types with upper case letters D,E,F,G,H and proving that other sections A,B,C are impossible (B,C in general, A for quadratic fields).
In the present article, we use IPADs of 2nd order to show that real quadratic fields K = Q( √ d) with one of the 3-capitulation types c.18, κ = (0122), and c. 21 , κ = (2034), where 0 denotes a total capitulation [17, p. 477] , have 3-class field towers of exact length 3 (K) = 3. These types are strange because they are unique with the following properties: Every finite metabelian 3-group G with one of these types κ 1 (G) has coclass cc(G) = 2 and is infinitely capable with nuclear rank NR(G) ≥ 1 [20] . So G cannot be leaf of a tree. The second 3-class group G := G Section c (containing types 18 and 21) was found group-theoretically by B. N e b e l u n g [23] in 1989, 55 years after the Scholz-Taussky sections D,. . . ,H. However, for nearly 20 years, examples of fields with these types, which certainly cannot occur for complex quadratic fields, were unknown, and we were the first who discovered suitable real quadratic base fields K = Q( Inspired by the 1st International Conference on Groups and Algebras in Shanghai at the end of July 2015, we suddenly had the rewarding idea and the courage to study their 3-class tower.
Main result Ì ÓÖ Ñ 2.1º
The following real quadratic fields K = Q(
, with fundamental discriminant d > 0, 3-class group Cl 3 (K) of type (3, 3) , and 3-capitulation type κ 1 (K) belonging to the section c, have a 3-class field tower DANIEL C. MAYER Figure 1 visualizes 3-groups which form the crucial objects in the section § 7. Figure 1 . 3-groups G represented by vertices of the coclass tree T 2 ( 243, 6 ). Figure 2 visualizes 3-groups which form the crucial objects in the section § 8. Figure 2 . 3-groups G represented by vertices of the coclass tree T 2 ( 243, 8 ).
NEW NUMBER FIELDS WITH KNOWN p-CLASS TOWER
¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ ¡ qd d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d e
DANIEL C. MAYER
The actual realization of a vertex as the second 3-class group G = G 
Pattern recognition via Artin transfers
Let p be a fixed prime number and k be a number field with p-class group Cl p (k) of order p v , where v ≥ 0 denotes a non-negative integer. According to the Artin reciprocity law of class field theory [1] , Cl p (k) is isomorphic to the Galois group G
In the section §1, we defined the p-class tower group (briefly p-tower group) of k as the Galois group
Thus, the p-class group Cl p (k) of k is also isomorphic to the abelianization G/G of the p-tower group G of k. Consequently, the derived subgroup G is a closed (and open) subgroup of finite index (G : G ) = p v in the topological pro-p group G, and there exist v + 1 layers Ò Ø ÓÒ 4.1º For each integer 0 ≤ n ≤ v, the system Ò Ø ÓÒ 4.2º For each integer 0 ≤ n ≤ v, the family
of abelianizations is called the nth layer of the multi-layered transfer target type
For each integer 0 ≤ n ≤ v, the family
of transfer kernels is called the nth layer of the multi-layered transfer kernel type Remark 4.1º Suppose that 0 < n < v. If an ordering is defined for the elements of Lyr n (G), then the same ordering is applied to the members of the layer τ n (G) and the TTT layer is called ordered. Otherwise, the TTT layer is called unordered or accumulated, since equal components are collected in powers with formal exponents denoting iteration. The same considerations apply to the TKT.
Since it is increasingly difficult to compute the structure of the p-class groups
n in higher layers with n ≥ 2, it is frequently sufficient to make use of information in the first layer only, that is the layer of subgroups with index p. Therefore, N. B o s t o n, M. R. B u s h and F. H a j i r [10] invented the following first order approximation of the TTT, and we add a supplementary notion for the TKT.
Ò Ø ÓÒ 4.4º The restriction
of the TTT τ (G), resp., TKT κ(G), to the zeroth and first layer is called the index-p abelianization data (IPAD), resp., index-p obstruction data (IPOD), of G, since the kernel is an obstruction for the injectivity of the induced Artin transfer homomorphismT G,H : G/G → H/H , and thus also for an embedding of the p-class group of the base field K into the p-class group of an extension L.
So, the complete TTT is an extension of the IPAD. However, there also exists another extension of the IPAD which is not covered by the TTT. It is constructed from the usual IPAD τ 0 (G); τ 1 (G) of G, firstly, by observing that τ 1 (G) = (H/H ) H∈Lyr 1 (G) can be viewed as τ 1 (G) = τ 0 (H) H∈Lyr 1 (G) and, secondly, by extending each τ 0 (H) to the IPAD τ 0 (H); τ 1 (H) of H. The same ideas can be applied to the TKT and IPOD.
Ò Ø ÓÒ 4.5º The family
, resp.,
is called the iterated IPAD, resp., IPOD, of second order of G.
Relation rank of the p-class tower group
There is a fatal misprint in both, the Russian original of the paper [28] of 1964 by I. R. S h a f a r e v i c h, and in the english translation of 1966, where the Dirichlet unit rank r is missing in formula (18 ) . Therefore, we prove the following correction.
Ì ÓÖ Ñ 5.1 (Corrected version of Theorem 6 by I. R. S h a f a r e v i c h [28])º
Let p be a prime number and denote by ζ a primitive pth root of unity. Let k be a number field with signature (r 1 , r 2 ) and torsionfree Dirichlet unit rank r = r 1 +r 2 −1, and let S be a finite set of non-archimedean or real archimedean places of k. Assume that no place in S divides p.
Then the relation rank
where
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P r o o f. It suffices to prove the corrected statement for the case S = ∅ and ζ ∈ k. Let J, resp., U S , be the group of idèles, resp., the subgroup of S-unit idèles, of k, and put
We start with the second part of [28, § 4, Thm. 5, p. 137] which states that the relation rank of G S is bounded from above by
According to [28, § 1, Thm. 1, p. 130], the generator rank of G S is given by
Our assumptions S = ∅ and ζ ∈ k imply that t(S) = 0, λ(S) = 0 and δ = 1. Together, we obtain [20, § 14, p . 178], our corrected formula admits the conclusion that the relation rank d 2 (G) ≥ μ(G) = 5 of the 2-tower groups 32, 35 , 64, 181 , 128, 984 , etc. is exactly equal to d 1 (G) + r + 1 = 3 + 1 + 1 = 5, whereas the misprinted formula yields the contradiction
Slightly differently from our definitions in [20 Ò Ø ÓÒ 5.1º Let G be a finite metabelian p-group.
(1) By the cover cov(G) of G we understand the set of all (isomorphism classes of) finite p-groups H whose second derived quotient H/H is isomorphic to G:
2) (2) For any nonnegative integer n ≥ 0, let the n-cover of G be defined by
Remark 5.1º
(1) In contrast to our earlier definitions, the cover cov(G) in the new sense cannot be empty, since it certainly contains (the isomorphism class of) the group G itself as the unique metabelian element.
(2) By the Burnside basis theorem, the defining conditions 0
Ò Ø ÓÒ 5.2º Let k be a number field with p-class rank ρ, torsionfree Dirichlet unit rank r, and the second p-class group G = G 2 p (k). By the Shafarevich cover cov k (G) of G with respect to k (or to a class of similar number fields) we understand the n-cover of G with n = r + 1 if k contains a primitive pth root of unity, and n = r otherwise. The Shafarevich cover can also be defined directly by
Example 5.2. Note first that the various n-covers of G form a non-descending chain of sets,
The cardinality of the cover can probably take any value. Even for closely related groups, such as parent-descendant pairs, the values may be very different.
(1) Generally, if #cov(G) = 1 but the Shafarevich cover of G with respect to k is empty, then G cannot be the second p-class group G consists of G alone. However, since d 2 (G) ≥ MR(G) = 3 (p-multiplicator rank), the Shafarevich cover, cov k (G) = cov 0 (G), with respect to complex quadratic fields k, having this IPAD and TKT, is empty, since r = 0, k with ρ = 2 does not contain a primitive third root of unity, and thus n = 0. with its parent, and is infinitely capable with nuclear rank NR(G) = 2.
As mentioned in [21, Cor. 6.2, p. 301], its cover cov(G) = T (G) coincides with its complete infinite descendant tree, and even the Shafarevich cover with respect to complex quadratic fields k, 
Constraints for higher p-class groups
Several constraints restrict the possibilities for higher p-class groups G n p (k) = Gal F n p (k)|k with n ≥ 2 or n = ∞, of a given class of algebraic number fields k. It is not always true that the most restrictive constraints are most helpful for finding a certain group G n p (k). For instance, it is sometimes easier to determine the p-tower group G ∞ p (K) of a real quadratic field K with looser conditions, which admit lower group orders, than of a complex quadratic field k with very tight constraints, which can only be satisfied by groups with huge orders.
Let us compile a list of constraints proceeding from the most general to more particular cases:
(1) the Shafarevich bound for the relation rank of the p-tower group
the cardinality #cov k (G) of the Shafarevich cover of the second p-class group G := G 2 p (k), (3) the existence of a generator inverting (GI-)automorphism of any G n p (K), with n ≥ 2 or n = ∞, acting as inversion map on the abelianization, (4) selection rules for the class cl(G), due to p-class number relations for odd primes p ≥ 3,
, that is the number of total transfer kernels.
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The first two items of this list concern arbitrary number fields k, whereas the last three conditions are mainly motivated by (real or complex) quadratic (1) First, we prove that G must have coclass cc(G) = 2. This can be done in two ways, either using τ 1 (K) alone or using κ 1 (K) alone.
• According to items 1) and • According to [17, Thm. 2.5, p. 479], κ 1 (G) = κ 1 (K) must contain three total kernels, designated by 0, if cc(G) = 1. Since all metabelian 3-groups of coclass bigger than 2 are descendants of 3
5
, 3 , and the TKT (2100) of this root contains a 2-cycle, the TKT κ 1 (G) must also contain a 2-cycle, if cc(G) ≥ 3, according to [11, Cor. 3 .0.2, p. 772]. Therefore, the only possibility for κ 1 (G) = (0122) without a 2-cycle and with only one 0 is cc(G) = 2.
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Next, we show that G must be a descendant of 3 
Finally, the Artin pattern AP(G) = κ 1 (G), τ 1 (G) provides a sort of coordinate system in which the coclass tree with root 3 
In both cases, we have derived length dl(G) = 3 and nilpotency class cl(G) = 5.
P r o o f. We use the p-group generation algorithm by M. F. N e w m a n [24] and E. A. O' B r i e n [25] , which is implemented in our licence of the computational algebra system MAGMA [8] , [9] , [15] , to construct the descendant tree T (R) of the root R = 243, 6 , which is restricted to the coclass tree T 2 (R) in Fig. 1 by ignoring the bifurcation at the not coclass-settled vertex 729, 49 . In Fig. 3 , however, all periodic bifurcations [20, § 21.2] in the complete descendant tree are taken into consideration, but the tree is pruned from all TKTs different from c.18. In parallel computation with the recursive tree construction, the iterated IPAD of second order τ (2) (V ) is determined for each vertex V and non-metabelian vertices H are checked for their second derived quotient H/H . The construction can be terminated at order 3
11
, because several components of the 2nd order IPAD become stable and the remaining components reveal a deterministic growth: we have
3 for vertices of coclass 2 and 
whereas the 18 fields in the second list have 2nd IPAD
the claim is a consequence of Theorem 7.1.
Remark 7.1º
Unpublished results of M. R. B u s h show that there are 4318 real quadratic fields with discriminants 0 < d < 10 9 having the IPAD in Proposition 7.2. For the remaining 4290 cases outside of the range 0 < d < 10
7
, we cannot specify the 3-tower group, since the computations would require exceeding amounts of CPU time. However, according to Proposition 7.1 and Theorem 7.1, we know for sure that the length of the 3-tower is certainly 3 (K) = 3. Figure 3 visualizes the groups in Theorems 7.1, 7.3 and 7.5 and their population in Theorems 7.2, 7.4 and 7.6.
The 1st excited state of capitulation type c.18
As before, K is an algebraic number field with 3-class group Cl 3 (K) of type i.e., τ 1 (K) = (27, 27) , (3, 3, 3) , (9, 3) , (9, 3) are the type invariants of the 3-class groups of the L i , and κ 1 (K) = (0122) is the 3-capitulation type of K in the L i . 
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Suppose now that, under the assumptions preceding Prop. 7.3, G = G ∞ 3 (K) denotes the 3-class tower group of K and we are additionally given the 2nd order IPAD of K,
Ì ÓÖ Ñ 7.3 ( D. C. M a y e r , Aug. 2015)º 
, 49 − #2; 1 − #1; 1 − #1; 8.
All these groups have derived length dl(G) = 3.
P r o o f. The two infinitely capable groups 
ÓÖÓÐÐ ÖÝ 7.2 ( D. C. M a y e r , 2010)º
2 must be a real quadratic field with 3-capitulation type κ 1 (K) = (0122). P r o o f. This is a consequence of item (1) In each case, the length of the 3-class tower of K is given by 3 (K) = 3.
P r o o f. Since all these real quadratic fields
2 and the suitable 2nd IPAD, the claim is a consequence of Corollary 7.1. , we cannot specify the 3-tower group, since the computation would require too much CPU time. However, according to Proposition 7.3 and Corollary 7.1, we can be sure that the length of the 3-tower is exactly 3 (K) = 3.
The 2nd excited state of capitulation type c.18
As before, K is an algebraic number field with 3-class group Cl 3 (K) of type (3, 3, 3) , (9, 3) , (9, 3) are the type invariants of the 3-class groups of the L i and κ 1 (K) = (0122) (1) First, we prove that G must have coclass cc(G) = 2. Next, we show that G must be a descendant of 3 
Suppose now that, under the assumptions preceding Proposition 7.5, G = G ∞ 3 (K) denotes the 3-class tower group of K and we are additionally given the 2nd order IPAD of K, In each case, the length of the 3-class tower of K is given by 3 (K) = 3.
P r o o f. Since all these real quadratic fields (9, 9) , (9, 3) , (9, 3) (1) First, we prove that G must have coclass cc(G) = 2. This can be done in two ways, either using τ 1 (K) alone or using κ 1 (K) alone.
• According to items 1) and 
2 unambiguously leads to a descendant of 3 
Suppose now that, under the assumptions preceding Proposition 8.1, G = G ∞ 3 (K) denotes the 3-class tower group of K and we are additionally given the 2nd order IPAD of K, In both cases, we have derived length dl(G) = 3 and nilpotency class cl(G) = 5.
Remark 8.1º
From the viewpoint of group theory, where a strict natural ordering can be imposed on the maximal subgroups of G in terms of generators, the conditions of the two statements in Theorem 8.1 are distinct. From the viewpoint of number theory, however, no canonical ordering exists and the conditions are indistinguishable.
P r o o f. In analogy to the proof of Theorem 7.1, we construct the descendant tree T (R) of the root R = 243, 8 , which is restricted to the coclass tree T 2 (R) in Fig. 2 by ignoring the bifurcation at the not coclass-settled vertex 729, 54 . In Fig. 4 , all periodic bifurcations [20, § 21.2] in the complete descendant tree are taken into consideration, but the tree is pruned from all TKTs different from c. 21 . In parallel computation with the recursive tree construction, the iterated IPAD of second order τ (2) (V ) is determined for each vertex V and non-metabelian vertices H are checked for their second derived quotient H/H . The construction can be terminated at order 3
11
, because several components of the 2nd order IPAD become stable and the remaining components reveal a deterministic growth: we have 
